Abstract-This paper presents a new inverse kinematics algorithm of 6-DoF robot manipulator via the analytic solution with Conformal Geometric Algebra (CGA). To simplify the calculation, angles of joints 1, 5 and 6 are obtained using the analytic method. On the other hand, the remaining joint angles θ 2, θ3 and θ4 are figured out by CGA which describes the geometric relationship intuitively. The proposed method is verified and simulated in Matlab and Rviz, respectively. Experimental results show the high accuracy of proposed approach. Moreover, it can be easily integrated in the motion planning of robot manipulator.
I. INTRODUCTION
Robot manipulator can help human perform complex and dangerous tasks safely and efficiently, which processes broad prospects for industrial applications. Thus, it has become a thriving and active research area in robotic field with a wide range of applications, such as industrial manufacturing [1] , military technology [2] , education science [3] , family services [4] , medical industry [5] and so forth. Kinematics research is a fundamental and critical issue in the field of robotics [6] , [7] , [8] , since it is the basis for motion planning of robot manipulator.
There currently exist two types of methods for inverse kinematics, including numerical-form [9] and closed-form solutions [10] . The former calculates the inverse kinematics by iteration and recursion, while the second method solves the mathematical expressions of joint variables, which facilitates the real-time control with high precision. The closedform solution is mainly divided into geometric method and analytic method. Geometric method simplifies the special configuration of the robot and then solves it concretely, whose form is simple and easy to understand. Meanwhile, it has a strong geometric intuitiveness and the computational overhead is low. On contrary, the computational complexity of analytic method is high but with the ability to calculate all the joint angles.
Recently, Conformal Geometric Algebra (CGA) method which appeared in recent years has been highly concerned by researchers for its simplicity, compactness and nondependence on the coordinate assignment. It is the latest [12] . Grassmann-Cayley algebra is used by CGA to uniformly represent spatial geometric elements such as points, lines, surfaces and spheres, and realizes the selection of the calculation process directly from the coordinates. And it is capable of handling extremely complex geometric algebra operations and has strong geometric intuitiveness.
This paper uses our own developed 6-DoF robot manipulator as the object of study. With the concept of separation and combination, a new method for inverse kinematics solution is proposed. Firstly, there is always a closed-form solution for 6-DoF robot manipulator as it has three joint axes that are parallel to each other which meets the Pieper Criterion [13] . After studying the kinematics transformation matrix of the end of effector, joint angles θ 1 , θ 5 and θ 6 can be calculated directly with analytic method. However, it is found that the joint angles θ 2 , θ 3 and θ 4 are incapable of solving easily with the analytic method due to the computational complexity. CGA is alternatively used for solving the joint angles θ 2 , θ 3 and θ 4 according to its characteristics. So all of the joints are separated into two groups and the inverse kinematics solutions are solved successively via analytic method and CGA respectively. This new proposed approach not only has the high accuracy, but also decreases the complex calculation of multi-dimensional and high-order nonlinear equations in the classical inverse kinematics solutions of the robot. It also reduces the computational complexity and speeds up the calculation of inverse kinematics. Moreover, the geometric intuitiveness is presented in the solution, because the process and results can clearly reflect the geometric relationship between the robot geometry and the robot motion.
The rest of this paper is organized as follows. In Section 2, joints 1, 5 and 6 are calculated by analytic method. CGA is used to figure out the joints 2, 3 and 4 in Section 3. In Section 4, a set of experiments are conducted in simulation environment to verify the correctness and high level of accuracy of the algorithm and apply the algorithm to the motion planning. Conclusions are drawn in Section 5.
II. ANALYTIC SOLUTIONS OF JOINTS 1, 5 AND 6

A. Forward kinematics modeling using D-H parameter
D-H parameter [14] has become a standard method for the kinematics modeling of robot manipulator. As shown in Fig.  1 , each joint is assigned with a specific coordinate system, and the corresponding parameters are determined according 978-1-7281-0377-8/18/$31.00 © 2018 IEEE to the principle of D-H parameter method, as summarized in Table I . T between the coordinate systems of the Link i−1 and Link i can be described as
where
And the homogeneous transformation matrix of the end of effector relative to the base coordinate system is formulated by
B. Solution of joint angle θ 1
To calculate the angle of joint 1, both sides of Eq. (2) are premultiplied by
, then we can obtain a new equation as follows
is the inverse operation of 0 1 T . It can be calculated using D-H parameters in Table I   0 
According to Table I , the right side of the Eq. (3) can be written as
and the left side can be rewritten by 
We can find out that the element r 24 of the second row and fourth column in the Eq. (6) equals to the −p y cθ 1 −p x sθ 1 in the matrix (5). They can be described as Eq. (7) according to the principle of equality of matrix counterparts,
where it only relates to the joint angle θ 1 . Thus, the solution of θ 1 can be calculated by
or
C. Solutions of joint angles θ 5 and θ 6
The joint angles θ 5 and θ 6 can be calculated in the same way as stated above with the known joint angle θ 1 , and the equations are described as follows
The resultant values of joint angles θ 5 and θ 6 can be respectively calculated by 
In this paper, conformal geometric algebra is used for the inverse kinematics of 6-DoF robot manipulator to calculate joint angles θ 2 , θ 3 and θ 4 . The main difference with the usual geometric formulation used in robotics is the introduction of the geometric product, and the extension of the three-dimensional Euclidean space with two additional dimensions: the reference origin e 0 and the infinity point e ∞ . This provides us with efficient tools, in particular, the formulation makes it very simple to define geometric objects in the form of points, lines, planes, circles and spheres [15] , [16] . These entities have two algebraic representations: IPNS (inner product null space) and OPNS (outer product null space), as described in Table II , where x and n represent 3D entities obtained by linear combinations of the 3D basis vectors e 1 , e 2 and e 3 ,
In addition, it is convenient to calculate the occurrence of intersections between the geometric objects, and the distance between objects. Then the cosine value of angle between two geometric objects A * and B * , such as two lines or two planes, can be computed using the inner product of the normalized OPNS representation of the objects, which can be calculated by
In this paper, A* and B* are two lines determined by the adjacent joints. Thus, to apply CGA to the inverse kinematics of robot manipulator, the positions of joints need to be found firstly.
A. Find positions of joints 1, 5 and 6
The schematic diagram of the 6-DoF robot manipulator in three-dimensional coordinates is drawn in Fig. 2 .
The position of the joint 6 can be calculated with Eq. (2) as following,
The position of joint 5 has the same value as joint 6 since they have the position in common, Then we can easily figure out the position of the joint 1 through Table II , where it has the same location with the pedestal on z-axis,
B. Find the positions of joints 2 and 4
The position of the joint 2 can be calculated by the transformation matrix of joint 2 according to Eq. (1)
where θ 1 has been already figured out. And transformation matrix of joint 4 is formulated as following
Thus, the position of joint 4 P 4 can be obtained using
C. Find the position of joint 3
Since the positions of joints 2 and 4 are figured out, we can obtain two spheres denoted by S 2 and S4. The center of S2 is P 2 with the radius of L 3 . Accordingly, P 4 and L 4 are the center and radius of P 4 , respectively. L3 and L4 can be found in Table II . As shown in Fig. 3 , there exists a plane π c in which joints from 2 to 6 are located. The OPNS representation of π c is formulated as
The solutions of position P 3 of joint 3 are then given by the point pair Q 3 , which is the intersection of the plane π c and the circle C 3 that is found as the intersection of sphere S 2 and the sphere S 4 , shown in Fig. 3 .
П c Fig. 3 : The two light blue spheres are S 2 and S 4 , the blue circle is C 3 , the red point pair is Q 3 and the yellow plane is π c .
According to Table II , Q3 is calculated from Eq. (22) ,
And P 3 is selected by Eq. (23),
D. Solutions of joint angles θ 2 , θ 3 and θ 4
Since the positions of all joints have been figured out clearly, we can get the OPNS representation of all lines respectively as follows according to Table II ,
The cosine values of joint angles θ 2 , θ 3 and θ 4 can be formulated in the following,
Then the joint angles θ 2 , θ 3 and θ 4 can be obtained using Eq. (28), (29) and (30). Finally we can obtain all solutions of the inverse kinematics. 
IV. EXPERIMENTS AND DISCUSSIONS
To verify the proposed algorithm in this paper, some experiments are conducted in following. Firstly, the correctness of the algorithm is verified by experiment that is designed in Matlab. Secondly, we designed a IK plugin with the algorithm to see whether the accuracy of the algorithm could meet the requirement of the industrial application. Finally, the algorithm is applied to motion planning, which leads to a better performance in the experiment.
A. Verification of the proposed method
We implemented the algorithm in Matlab and the joint angles which range from θ 1 to θ 6 is set to a specific group joint values as below
And the corresponding homogeneous matrix of the end effector is described as ⎡ 
Then taking above matrix as input, 8 groups of inverse sulution values are obtained. As shown in Table III , it turns out that the sixth group of solution is the same with the given joint angles.
B. Simulation in ROS
A kinematics plugin is designed with inverse kinematics solution proposed in the paper and integrated into ROS along with MoveIt! to solve IK issues. The experiment is conducted in the Rviz that simulates the robotic arm to obtain the joint angle of each joint.
The pose information of the end effector is saved in the Interactive Marker Server. Then MoveIt! passes the pose information to the designed plugin which calculates the corresponding joint angles. Finally MoveIt! processes the inverse solutions and feeds back to Interactive Marker Server. The workflow of the plugin can be described in Fig. 4 .
Five groups of homogeneous matrixs of the end of effector have been choosen in the experiment, letting the robotic arm in the simulation environment pass through the five positions that are corresponding to the matrixs in order. Then compare the original matrix with the updated matrix that are obtained from the Interactive Marker Server, as shown in Table IV . Table IV shows the errors of position and orientation of the end of effector of robot manipulator respectively. With the statistical analysis for the data, we could found that the mean errors of position along with x, y and z axes are 0.016mm, 0.018mm and 0.018mm respectively. According to the ISO 9283 standard [17] , positional accuracy (AP) can be calculated by
The value of the AP in our experiments is 0.034mm. And the mean orientation errors θ along the z, y and x axes are 0.00122 rad, 0.00086 rad and 0.0015 rad respectively, which are far below 0.01745 rad, i.e, 1
• . The measurement errors of orientation and AP can meet the requirement of the industrial application (AP ≤ 0.1mm, θ ≤ 1
• ). Therefore, both the numerical and simulation experiments indicate that the achievable accuracy of the developed 6-DoF robot ram is acceptable for the industrial assembly. Hence, it can be concluded that the proposed inverse kinematic solution for the developed 6-DoF robot manipulator is effective.
C. Motion planning based on proposed inverse kinematics algorithm
The motion planning of the robot calculates the position, speed and acceleration of the path points according to the starting and the ending position of the robot motion, then a motion trajectory is obtained. What makes sense is that the motion planning of the robot not only affects the accuracy and precision of the robot control directly, but also the service life of the robot. And the motion planning in Cartesian Space can effectively solve such problems.
The motion planning in Cartesian Space is a method of describing the ideal motion trajectory of the robot. Firstly, an appropriate amount number of intermediate points in the motion trajectory can be obtained by the OMPL. Then, we applied the inverse kinematics algorithm proposed in this paper to every intermediate point to solve a set of joint angles. Finally, the homogeneous transformation matrix of the end of effector of each point is calculated according to the joint angle and a trajectory of the motion planning corresponding to transformation matrix can be obtained and applied into the robot manipulator. As illustrated in Fig. 5 , a simple motion planning demo based on the proposed inverse kinematics algorithm has been implemented in Rviz, which showing a good performance. The motion parameters of the six joints are plotted using Matlab. And we can see that the joint angles of the six joints are continuous and steerable from Fig. 6 . Thus, the planning method based on the new algorithm can make the trajectory smoother, and avoid the sudden change of position, velocity and acceleration of the robot manipulator during the movement, ensuring the smoothness of the movement and improving the accuracy of motion planning. 
V. CONCLUSIONS
In this paper, a new inverse kinematics algorithm for 6-DoF robot manipulator is proposed combining the analytic solution with conformal geometric algebra. Firstly, the robot manipulator is modeled by D-H parameters. Then the joint angles θ 1 , θ 5 and θ 6 can be calculated directly using analytic method, while the joint angles θ 2 , θ 3 and θ 4 are figured out by CGA. Finally, experimental results demonstrate that the proposed method is feasible and accurate with less computational complexity. The algorithm can be applied to the 6R serial robots with the similar structure as UR robots and provides a reference for the solution of other structural robots. Due to limitation of the hardware condition, the algorithm can not be used in the real scene to conduct the experiments. In the future, we will consider to apply the propose method to the motion control in the real environment.
